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ABSTRACT

Economic growth is a function of the interactions
between the different productive factors framed
in the economic policy of an economy, in
particular, it can be expressed in terms of labour

force, productive resources (land, capital) and
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technology, among others. The present work
pretends to approximate a model to explain the
economic growth in developing economies, for
which a model is proposed that explains this
growth in function of the referred factors; then
production is proposed in function of capital
and work and two models are adjusted, one
with exogenous technological change and the
other that involves technological change in an
endogenous manner. The model is developed
with a production function with constant
substitution elasticity so thatitis applicable to both
developed and developing economies, since it is
to be expected that in developed economies the
substitution elasticity is unitary, which would lead
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to a Cobb-Douglas-type production function, but
it is very probable that in incipient economies the
function with constant substitution elasticity better
reflects the relationship between production
factors and economic growth. The research
allows the development of the corresponding
mathematical model in each case, the economic
and mathematical foundations of each model are
presented and validated according to economic
theories. The behaviour of variables such as
savings, investment, consumption,
capital and their relationships in each model is
analysed.

income,

RESUMEN

El
de
factores productivos enmarcados en la politica
econdmica de una economia, en particular,
puede expresarse en términos de mano de
obra, recursos productivos (tierra, capital) y
tecnologia, entre otros. El presente trabajo
pretende aproximarse a un modelo para explicar
el crecimiento econémico en las economias en
desarrollo, para lo cual se propone un modelo
que explica este crecimiento en funcion de
los factores referidos; luego se propone la
produccion en funcion del capital y el trabajo
y se ajustan dos modelos, uno con el cambio
tecnoldgico exégeno y otro que implica el cambio
tecnoldgico de manera enddgena. El modelo
se desarrolla con una funciéon de produccion
con elasticidad de sustituciéon constante de
manera que es aplicable tanto a economias
desarrolladas como en desarrollo, ya que es
de esperar que en las economias desarrolladas
la elasticidad de sustitucion sea unitaria, lo

crecimiento econémico es una funcidn

las interacciones entre los diferentes

que llevaria a una funcién de produccion tipo
Cobb-Douglas, pero es muy probable que en
economias incipientes la funcién con elasticidad
de sustitucion constante refleje mejor la relacion
entre los factores de produccién y el crecimiento
econdmico. La investigacion permite desarrollar
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el correspondiente modelo matematico en cada
caso, se presentan y validan los fundamentos
econdmicos y matematicos de cada modelo
segun las teorias econdémicas. Se analiza el
comportamiento de variables como el ahorro, la
inversion, la renta, el consumo, el capital y sus
relaciones en cada modelo.

1. INTRODUCTION

Economic growth is understood as a dynamic
process in which each economy establishes
interactions between the different productive
factors that, together with economic policies,
allows the generation of a greater quantity of
goods and services produced, which improves
the wellbeing of the population. [1, 2].

A model of economic growth is based on
economic theory to establish basic fundamental
assumptions that allow proposing an interaction
between the factors of production in order to
explain the determinants of economic growth [3,
4]

Based on exogenous and endogenous growth
theories, different models have been proposed
to explain economic growth including the human
factor, capital accumulation and technological
change among other factors of production. In
this sense, Paul Romer [5, 6], Lucas [7], Aghion
and Howitt [8], Grosman and Hellpman [9],
Guellec and Ralle [10] and Gaviria [11] among
others, present theoretical works that explain
endogenous growth.

Lucas [7] presents three models of economic
growth to describe the production of a country
based on its levels of physical and human
capital and its level of technological acquis,
using a production function of Cobb-Douglas.
In the first model emphasizes the accumulation
of human capital and technological change as
determinants of economic growth, considers, like
Solow, that the rate of change of technology is
exogenous and determines the trajectories that
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per capita consumption should follow (control
variable) and the stock of capital (state variable)
in order to maximize utility over time.

In the second model, it assumes that
technological change is endogenous and uses
the approaches of Usawa [12] to measure its rate
of growth. Its purpose is to find the trajectories
that must be followed by the variables of control,
per capita consumption and effort destined to
production, as well as the variables of state, level
of knowledge and stock of capital, to maximize
the function of intertemporal utility. Finds that the
growth of capital must be equal to the sum of
the growth of the population and technological

stocks.

The third model emphasizes international trade
and the accumulation of human capital through
learning in action as engines of economic growth.

But nevertheless; even when Lucas [7] states
that in developing countries the elasticity of
substitution between factors of production is less
than 1, he develops his work based on Cobb-
Douglas production functions which assume an
elasticity of substitution equal to 1 In this paper
we propose a production function with constant
substitution elasticity since, in countries with
emerging economies, it is very likely that it is
less than unity.

In this second phase, the analysis of a model
with endogenous technological change can be
approached and finally the estimation of the
model for when the economy is open. The first
phase, which is summarized in numeral 2, was
presented in 5" International Week of Science,
Technology and Innovation [13]

2 ECONOMIC GROWTH MODEL WITH
EXOGENOUS TECHNOLOGICAL CHANGE
Like Lucas [7], itis considered a closed economy,
with competitive markets, with identical rational
agents, endowed with a technology with
constant returns to scale. Let L(t) be the number
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of people (or, equivalently, the number of man-
hours) willing to produce in a period of time t,
with growth rate n=L(t)/L(t) given exogenously.

[P e (1)

0 1-0

fowu[c(t)]e_ptdt =

In equation 1 we include a utility function with
elasticity of substitution (1/0) between present
consumption and constant future consumption,
which allows us to describe the preferences
among them.If o is large, there is low elasticity
between present and future consumption, this
implies great preference for present consumption
and low response of savings to the interest rate
with high aversion to risk, which is to be expected
in poor economies.

The production in a period t, is determined by the
level of technology, A(t), present in that period
and by the levels of capital, K(t), and work,
L(t), used in that period. Equation 2 describes
the level of production, based on the variables
described, using a production function with
constant substitution elasticity, in which the
relative share of each factor in the final product
is determined by the distribution parameter

d (0 < 6 < 1) :and the elasticity of substitution
in production is given by ¢, = 1/(1 + a),
where « is the substitution parameter
(a>-1,a#0)

Y(&) = A [6K(@)™* + (1 — 8)L(t)~*] Ve @)

The elasticity of substitution is a local measure of
substitution is a local measure of the substitution
between the factors of production, that is,
for a given level of production, measures the
proportional change in the use of factors as a
result of a proportional change in the marginal
rate of labor substitution by capital (TMS),

o, = [TMS/(K/L)]/[0TMS/d(K/L)]; it can also
be understood as a measure of the percentage
change in the rate of use of the factors of
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production as a result of a percentage change
in the relative prices of these factors. Thus, for
high values of g,,,the TMS responds intensely to
changes in the relative prices of the factors and
vice versa [14].

Inthis model itis considered that the technological
change is given exogenously, then its growth
rate u = A(t)/A(t) is given exogenously and
the function that describes the trajectory of the
technology over time is of the exponential type
A(t) = Aje*t. ltis also assumed that the per
capita production of the only good is divided into
consumption and capital accumulation. Thus,
the net national income is given by
Y(t) = c(t)L(t) + K(t) where K(t) is the net
investment [K(t)/K(t) is the rate of change
over time of the stock of capital] and since
c(t) represents per capita consumption, the
expression c(t)L(t) represents the of
national consumption.

level

The problem to solve consists of determining
the trajectory in the time of the percapita
consumption ¢(t), that maximizes the function
of utility given by the equations 1 and 2
incorporating the expression deduced on the
income, which implies to solve the problem of
control ( equations 3 and 4), in which ¢(?) is the
control variable and K(?) is the state variable:

3)

o c($)1-0
Max | %e"’tdt

s.a.:c(L() +K(t) = A@®)[SK@®) ™ + (1 = 8)L(t)~ %]V«

(4)

The solution to the corresponding Hamiltonian is
obtained by applying the principle of maximization
of Pontriagyn [14]

The optimal trajectory of capital and its exchange

rate, , the rate of growth of capital is given by

by K — p 4 AQ l=60/00)

] Cp e
ko -~ 1T " aneseme » Which implies that

the variation of capital is: X&) _ KapAo”

K(t)
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The growth rate of the economy is obtained from

P®)

Y _ K® , .
YO K@ e anditis expressed

G = Y(t)  K()

ﬂabAoa

as follows: = (1 - ap)u +n+ AT —5pqTe TP

Note that these rates are constant only in
the case that the elasticity of substitution in
production is 1.

Its implies that three different cases must be
considered (depending on the elasticity of
substitution) in order to determine the rate at
which per capita consumption must grow in
order to satisfy the differential equation

K(t) = K(t)p(t) — c(t)L(t) and stability of the

model is achieved in the long term.

Note that when the elasticity of substitution
is less than unity, the growth rate of capital is
decreasing and tends to stabilize in the long term.
If this were not the case and the rate of growth
of capital would grow indefinitely, in developing
economies there would be an unemployment
problem since in these economies there is not
enough saving to hook workers at certain prices,
prices would be too high to the level of existing
savings [13].

3. ECONOMIC GROWTH MODEL WITH
ENDOGENOUS TECHNOLOGICAL CHANGE
When technological change
endogenously in the model, the growth rates
of the economy, capital and consumption that
allow trajectories that optimize the level of
intertemporal utility are given in a similar way by
the determinants of economic growth regardless
of the level of elasticity in production substitution.

is measured

Romer [6] considers three premises that justify
technological change as an engine of economic
growth and in turn explain why population is not
an appropriate measure for the level of human
capital, which makes it necessary to include
the level of schooling as well: (i) Technological
change is at the basis of economic growth,
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provides a necessary incentive for capital
accumulation, and together with capital is
responsible for productivity; (ii) in a model with
endogenous technological change, people
contributing to its variation are motivated by
market incentives; (iii) instructions for working
with raw materials are inherently different from
other economic goods.

In addition, it defines a rival good as one whose
use by one person or company prevents its
use by another person or company; otherwise,
the good is not a rival. An asset is subject to
exclusion if its owner can prevent others from
using it. The model developed in the second part
of this article treats technological change in an
exogenous way, that is, it considers technology
as an input that is both excludable and not rival.
This model is compatible with the first premise
(technological change drives growth) and the
third premise (technology is a non-rival good)
but is incompatible with the second premise (it
does not consider the role of private maximizing
behavior in the generation of technological
change).

In order to introduce technological change
endogenously to the model, an additional
variable is required to measure the level of
human capital by its level of schooling. Just as
Lucas [7] considers, in the period of time t, a
level L(t) of workers with a level of human capital
or stock of knowledge h(t). By human capital we
mean that a worker with level h(t) is productively
equivalent to two workers each with level of
human capital 0.5h(t), or a half worker with 2h(t).

Under the assumption that there are L workers in
total, which have levels h (0<h<) of knowledge,
onehasto L = fomL(h)dh. Now, if a worker
devotes a fraction u(h) of his non-leisure time to
production and the remaining fraction of his time,
1-u(h), to the accumulation of human capital then
the effective labor force of production is

L¢ = [[u(h)L(h)h]dh and the production
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function is given by y = F(k, L°).

As a simplifying assumption it is assumed that
all workers in the economy are identical, that is,
have the same skill level and devote the same
fraction of non-leisure time to production, in this
case, the effective work force is

L°(t) = u(®)h(t)L(t) and therefore the CES
production function to consider is
Y (t) = ASK ()™ + (1 = &) [u(®)h (L]}«
however, since A is constant, A=1 can be
assumed without loss of generality in the results.

On the other hand, the effort 1-u(t) destined to
the accumulation of human capital is related to
its growth rate, therefore it is possible to affirm
that the rate at which the designs that increase
the ability, h, of the workers are generated is
given by h(t) = h(t)*M[1 — u(t)], where M is a
growing function with M(0)=0.

According to Usawa [12] the evolution of h(t)
is determined by the allocation of resources
between a research sector and a final goods
sector; he proposes that the equation for
defining A(z) be linear in h(t) and therefore the
level of human capital grows exponentially and
grows steadily if the human effort devoted to
research remains constant. Lukas [7] uses this
approach and proposes that the growth rate of

human capital is % =&[1 —u(®)].

The objective now is to determine the
trajectories that the per capita consumption c(t)
and the production effort u(t) must follow over
time in order to maximize the intertemporal
utility function at all times. That is, the following
problem must be solved:

Max [ C(t)l_aL(t)e—Pfdt (5)

0 1-0

(6)
h(®) = §[1 - u®)]h(t) (7)
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in which c(t) and u(t) are the control variables
and K(t) and h(t) are the state variables.

As in the previous case, the Pontriagyn
maximization principle is applied and
obtained that the optimal solution must satisfy
the following necessary conditions:

it is

In the margin, goods must be valued equally
in their two uses: consumption and capital
accumulation. Time must also be valued in its
two uses: production and capital accumulation.
The exchange rate of the efficiency price of
physical capital must be equal to the discount
rate minus the marginal productivity of capital.

The system of simultaneous non-linear
differential equations must be given regularity
conditions in order to obtain results consistent
with economic theory. Under the assumption
that the growth rate of per capita consumption is
constant over time, it is obtained that the optimal
trajectory of the product to capital ratio is constant
over time, which implies that the optimal requires
that the growth rate of the economy be equal to
the growth rate of capital. The optimal capital
trajectory must grow at a constant rate given by
the sum of the growth rates of labour force and
human capital. In the long run, human capital
must grow at the same rate as the economy.
The growth of per capita consumption is equal
to the growth of technology minus the discount
rate plus the growth rate of the labor force,
multiplied by the rate of substitution between
present consumption and future consumption;
which implies that the system grows more to the
extent that there is more preference for future

consumption.

4. FUNDAMENTALS OF ECONOMICS-
MATHEMATICS

The production of a country in time period t is
determined by the level of technology, A(t),
present in that time period and by the levels
of capital and labour used in that period. The
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production level is described by equation (2)
which represents a production function with
constant substitution elasticity, in which the
relative share of each factor in the final product
is measured by the substitution parameter

5§ (0 < 6 < 1); and the substitution elasticity

in production o, = —, where a is the

1+a
substitution parameter (o > —1,a # 0).

Substitution elasticity is a local measure of
the substitution between the two factors of
production. Specifically, for a given level of
production, measures the proportional change
in the factor utilization rate as a result of a
proportional change in the marginal rate of
capital-labour substitution (MRS).

_a®)/% o mrs/(%/)
P~ amrs/mMrs — oaMrs/a(K/))

(8)

Substitution elasticity can also be understood as
a measure of the percentage change in the rate
of use of factors of production as a result of a
percentage change in the relative prices of those
factors. Thus, for high values of g,,, the MRS
responds intensely to changes in relative factor
prices and vice-versa.

The curvature of isocuantas (contour lines)
is measured by the elasticity of substitution,
presenting five cases:

First case: in the limit when
a - o you have to g, -» 0 and in this case the

1+a
MRS = — 21® _ L[L(t)
1-8

AK(D) I%0)

X©) tends to zero if

K@)>L(T) or tends to infinity if K#)<L(z). In this
borderline case, the situation is impossible and
therefore the curvature of the isocuantas appears
at right angles. The CES production function
tends to be a Leontief production function.

Second case: when a > 0 you have to 0 < o, <1

01-109 - MAYO 2021 ISSN 2256-153686
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The isoquantas are in the form sk (¢)-= +

a-ow==[3

a- In the equation of

isoquantas, the term on the right is constant

in an instant of time t. Note that if K(t) — 0,

it is obtained that 6K (t)™% — oo; ;
therefore K(t) and L(t) cannot be zero. The
isocuantas are decreasing and convex with
asymptotes given by

K@) =6"eZZand L(6) = (1 - ) /e 13

Third case: when a — 0 you have to g, - 1.
The CES production function tends to be Cobb-
Douglas type with substitution elasticity 1. To
see this, write the CES production function as
follows:

Y@

a _ a1-Y4
A = K@+ =)L

Taking logarithms on both sides of the equation
and applying limit when ¢ — (o is obtained:

—In[6K(@)~® + (1 — 8)L() %]

a—>0 a

Apply the rule of L"Hdpital to the expression on
the right to get:

—[-6K@) ™ “InK(®) — (1 = 8&LE) *InL(t)]

ey LAO)
aso [A(t)] = e KO + (1 - )LD«

; Y(t) _61nK(t)+(1—5)lnL(t)
“[@ B 1

So, when a—0 you have to
[Y(t)] - In[K(©)?L()@~®] and therefore,

o)
Y(t) - AK@®)PL({)A

It is thus demonstrated that when a—0 the CES
production function effectively tends to a Cobb-
Douglas

Fourth case: when -/ <a<0 you have to g, > 1.

In the equation of isoquantas

SK@®™+ (1—-8LO" =53

Y]~
A(t)

REVISTA BOLETIN REDIPE 10

= In[K@®)L({) Y]

(5):

1

0

the exponents of the terms on the left are positive.
Therefore, the isoquantas cut both axes. That is,

when k(¢) = 0,L(5) = (1 - 6)V/* 23

o
A(t)'

and when L(t) =0,K(t) = §V/¢
Fifth case: when a— -1 one has to g, — o; in
in the limit, both exponents of the isoquantas
are one. The isoquantas are straight lines. In
this case, the production factors are perfect
substitutes.

5. CONCLUSIONS

When the elasticity of substitution in production
is greater than 1, the economy will experience
high savings rates that in turn push up the
interest rate, which leads to a deterioration in
the distribution of income causing the rich to
appropriate each time a greater proportion of
income than the poor. There is also a decrease
in the consumption to capital ratio, that is, over
time a decrease in the level of consumption is
experienced with respect to the level of capital
present in the economy.

Conversely, when the elasticity of substitution in
production is less than unity, the saving rates will
be increasingly low, which leads to an economy
in which growth does not depend on savings
and therefore does not worsen the distribution
of income. The result obtained here indicates
that saving is not a determinant of growth, this is
due in turn to the assumption of full employment
in the model. If this assumption were removed,
saving would become one of the determinants
of growth, and in this case, the consumption
to capital ratio increases with the passage of
time leading to the level of capital present in the
economy generates more and more of national
consumption.

In a model with endogenous technological
change, if the level of schooling of workers
increases, the economy will grow at a higher rate
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than the population, thus achieving higher levels
of output per worker. It is enough for workers to
specialize more and more in the generation of
designs that facilitate production.

When technological change is endogenous,
there are two possibilities: whether growth
is determined by technology or whether it is
determined by capital. If a capital-led model
is desired, higher savings rates and hence
higher required, a
interest rate would determine capital growth
below full employment; therefore, a capital-
led model is conditional on high interest rates
causing problems in income distribution. Now,
a technology-driven model implies a better
wage as more technology becomes available; if
technology increases, the marginal productivities
of capital and labor increase, which implies
higher levels of capital and labor and, therefore,
higher economic growth, which leads to a better
distribution of income.

interest rates are low

The results obtained in the development
of the model with endogenous technological
change are similar to those obtained by Lukas
[7]. Therefore, when the technological change
is endogenous to the model, it does not matter
the level of elasticity of substitution that is had
in the production in a country, because always
the rates of growth of the economy, of the capital
and of the consumption are going to be given in
the same way by the determinants of the growth.

BIBLIOGRAPHIC REFERENCES

[1] Sanchez P and Prada A 2015 Del concepto
de crecimiento econdmico al de desarrollo de
las naciones: una aplicacién a la Unién Europea.
Revista de Economia Mundial 40 221

[2] Castilo P 2011 Politica econdémica:
crecimiento econdémico, desarrollo econdémico,
desarrollo sostenible. Revista Internacional del
Mundo Econémico y del Derecho 3 1

[3] Cuenca M and Penagos | 2014 Crecimiento

REVISTA BOLETIN REDIPE 10

(5):

1

0

econémico en Colombia: una aproximacion
empirica fundamentada en la perspectiva capital

humano. Apuntes del CENES 33(58) 11

[4] Pefa A 2010 Contribucion de la cultura al
crecimiento de la economia regional espafiola.
Cuadernos de Economia 29(53) 211

[5] Romer P 1986 Increasing returns and long-
run growth Journal of Political Economy 94(5)
1002

[6] Romer P 1990 Endogenous technological
change Journal of Political Economy 98(5) 71

[7] Lucas R 1998 On the mechanism of economic
development Journal of Monetary Economics 22
3

[8] Aghion P and Howitt P 1992 A model of growth
through creative destruction. Econometrica
60(2) 323.

[9] Grosman G and Hellpman E 1991 Trade,
knowledge spillovers, and growth European
Economic Review 35(2) 517.

[10] Guellec D and Ralle P 1996 Les
nouvelles théories de la croissance (Paris:
La Decouverte)

[11] Gaviria M 2007 EI crecimiento enddgeno a
partir de las externalidades del capital humano
Cuadernos de Economia 26(46) 51.

[12] Uzawa H 1995 Optimum technical change
in an aggregative model of economic growth
International Economic Review 6 18

[13] Gallardo H Vergel M and Cordero C
2019 Economic growth model in developing
economies Journal of Physics: Conference
Series 1388 012033

[14] Gallardo H 1993 Una Validacién del Modelo
de Lucas (Bogota: Universidad de Los Andes)

17-109 - MAYO 2021 ISSN 2256-153686



MATHEMATICAL ECONOMICS IN THE EXPLANATION OF ECONOMIC GROWTH IN ECONOMIES WITH ENDOGENOUS AND EXOGENOUS TECHNOLOGICAL CHANGE

[15] Romer P 1989 Human capital and growth:
Theory and evidence, Carnegie-Rochester
Conference Series on Public Policy, Elsevier
32(1) 251

REVISTA BOLETIN REDIPE 10 (5): 101-109 - MAYO 2021 - ISSN 2256-1536


http://ideas.repec.org/a/eee/crcspp/v32y1990ip251-286.html
http://ideas.repec.org/a/eee/crcspp/v32y1990ip251-286.html

